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1. Introduction

The outstanding precision reached at the CERN LEP and SLAC SLC triggered many

higher order calculations in the Standard Model (SM) of particle physics. In particular,

it happened for the first time that the experimental results were sensitive to the weak

part of the SM. Since at LEP and SLC real top quarks could not be produced, the main

emphasis of the theoretical investigations was put on processes with light quarks as external

particles. Heavy particles like the top quark only appeared virtually in intermediate states.

In many applications the masses of the light quarks can be neglected as compared to the

other mass scales, which results in a significant simplification of the resulting mathematical

expressions.

In a future International Linear Collider (ILC) [1] the center-of-mass energy is high

enough to produce top quarks. The expected experimental precision requires on the the-

oretical side the inclusion of higher order corrections — both for the QCD and the elec-

troweak sector of the SM. This is particularly true for the threshold production of top

quark pairs, where the theoretical uncertainties of the second order QCD corrections are

still significant [2]. Thus, next to third-order QCD calculations (see, e.g., refs. [3 – 6]), also

electroweak corrections have to be investigated.

In this paper we focus on the two-loop mixed electroweak/QCD corrections to the

on-shell top quark propagator. Some sample diagrams are shown in figure 1. The top

quark mass renormalization constant has been evaluated in ref. [7]. The contribution

from the scalar bosons has been considered in [8, 9]. In this paper we confirm the results of
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Figure 1: Sample diagrams contributing to the top quark propagator up to order ααs. Next to

the Higgs boson also the gauge bosons W and Z and the corresponding Goldstone bosons can be

exchanged.

ref. [7]. Furthermore, we compute the wave function renormalization constant to order ααs.

Practical approximations are derived for the diagrams with internal W and Z bosons1 and

both the exact expression and handy approximations are computed for the Higgs boson

mass dependence.

The inverse fermion propagator can be decomposed as

S−1(q) = ZL
2 (q/ − Zmm + q/ ΣL(q) + mΣS) L + ZR

2 (q/ − Zmm + q/ ΣR(q) + mΣS)R ,

(1.1)

with R = (1 + γ5)/2 and L = (1 − γ5)/2. m is the quark mass and Zm and ZL,R
2 are the

mass and (left/right) wave function renormalization constants, respectively. The functions

ΣL,ΣR and ΣS in eq. (1.1) result from a convenient decomposition of the self energy Σ(q)

given by

Σ(q) = q/ (R ΣR(q2) + LΣL(q2)) + m ΣS(q2) . (1.2)

In the on-shell scheme one requires that S−1(q) vanishes for q2 = m2 which leads to

the following condition for the on-shell mass renormalization constant

ZOS
m = 1 +

(

ΣS(m2) +
1

2

(

ΣL(m2) + ΣR(m2)
)

)

. (1.3)

Requiring furthermore that the residuum is −1, provides a condition for ZL,OS
2 and ZR,OS

2

ZL,OS
2 = −ΣL(m2) − 2m2

[

Σ′
S(m2) +

1

2

(

Σ′
L(m2) + Σ′

R(m2)
)

]

,

1Here and in the following we consider the W and Z boson always in combination with the corresponding

Goldstone bosons.
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ZR,OS
2 = −ΣR(m2) − 2m2

[

Σ′
S(m2) +

1

2

(

Σ′
L(m2) + Σ′

R(m2)
)

]

. (1.4)

In these formulae it is understood that only the real part of the self energy functions is

taken.

In the practical calculation it is convenient to apply projectors in order to arrive at

scalar momentum integrals. This is achieved via

ZOS
m = Tr (PmΣ(q))

∣

∣

∣

∣

q2=m2

,

Z
L/R,OS
2 = Tr

(

P
L/R
2 Σ(q)

)

∣

∣

∣

∣

q2=m2

, (1.5)

with

Pm =
q/

4q2
+

1

4m
,

PL
2 = − q/

2q2
L − 2m2 ∂

∂q2

(

q/

4q2
+

1

4m

)

,

PR
2 = − q/

2q2
R − 2m2 ∂

∂q2

(

q/

4q2
+

1

4m

)

. (1.6)

In these formulae it is understood that the lower-order results are expressed in terms of

the bare parameters. In what follows we compute ZOS
m and Z

L/R,OS
2 for the top quark

neglecting the masses of the light quarks. Furthermore, we take the Cabibbo-Kobayashi-

Maskawa matrix to be diagonal.

The outline of the paper is as follows: In the next section we consider the classes

of Feynman diagrams which are relevant for our calculation and discuss the reduction

to a basic set of master integrals. The results for the master integrals appearing in our

calculation are discussed in appendix C. In section 3 we present the renormalization

constant for the top quark on-shell mass. In particular we consider the relation between

the MS and pole mass and compare our results with the literature. In section 4 we move

on to the wave function renormalization constants. Finally, our findings are summarized

in section 5, which also contains the conclusions.

2. Reduction to master integrals

At order ααs one has to consider about 35 Feynman diagrams contributing to the fermion

propagator (cf. figure 1 for some sample diagrams). After the application of the projectors

the external momentum is set on the mass shell of the heavy quark, which leads to integrals

containing two scales, the quark mass and the boson mass. In this section they are denoted

by m and M , respectively.

We generate all one-particle irreducible Feynman diagrams contributing to the fermion

propagator with QGRAF [10]. The application of q2e and exp [11, 12] identifies the topol-

ogy of the individual diagrams, adopts the notation and transforms the expressions into

FORM [13] notation.
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HC YN HN WC

Figure 2: Graphical representation of the integral classes defined in eq. (2.1). Solid and dashed

lines carry mass m and M , respectively. Curly lines are massless.

It is convenient to map the QGRAF output for each diagram with the help of q2e and

exp to one of the following four classes of integrals2

H+
N (n1, n2, n3, n4, n5) =

e2εγE

(iπd/2)2

∫

ddkddl

(k2 + 2kq)n1(l2 + 2lq)n2(k2)n3((k − l)2 − M2)n4(l2)n5
,

Y −
N (n1, n2, n3, n4, n5) =

e2εγE

(iπd/2)2

∫

ddkddl

(k2 + 2kq)n1(l2 − 2lq)n2((k − l)2 + 2q(k − l))n3(k2)n4(l2 − M2)n5
,

H+
C (n1, n2, n3, n4, n5) =

e2εγE

(iπd/2)2

∫

ddkddl

(k2 + 2kq)n1((l + q)2)n2(k2)n3((k − l)2 − M2)n4(l2 + m2)n5
,

W−
C (n1, n2, n3, n4, n5) =

e2εγE

(iπd/2)2

∫

ddkddl

(k2 + 2kq)n1((l − q)2)n2((k − l + q)2)n3(k2)n4(l2 − M2)n5
, (2.1)

where d = 4− 2ε is the space-time dimension. The corresponding graphical representation

can be found in figure 2. The integrals are defined in Minkowskian space and the iε

prescription is understood.

Within FORM we apply the projectors, identify the external momentum with the top

quark mass and decompose the numerators in terms of the denominators. This leads to a

large number of scalar integrals which differ from each other by the power of the individual

propagators.

A conventional way to reduce an arbitrary integral of a certain kind to a small set

of so-called master integrals is based on integration-by-parts [14], which provides relations

between several integrals of different complexity. The proper combination of these relations

leads to new ones, so that the iteration of this procedure can be used for a systematic

reduction of an arbitrary integral to a small set of master integrals.

In ref. [15] an algorithm has been formulated that performs automatically the afore-

mentioned reduction for a given set of recurrence relations. Currently several implemen-

tations of this algorithm exist. However, to our knowledge, only one program is publicly

2For the application at hand it is possible to work with a smaller set of integral types. E.g., in the case

of H+
C we have n5 ≤ 0 for the self energies considered in this paper. However, in view of a future application

to on-shell vertices it is advantageous to consider a more general set-up.
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available, AIR [16]. AIR is written in MAPLE, which certainly constitutes a serious restriction

for large-scale problems like, e.g., four-loop vacuum integrals [17 – 20]. Nevertheless, for

the problem at hand AIR is well suited to perform the reduction. It is straightforward to

compose an interface which, for a given class of Feynman diagrams (cf. eq. (2.1)), produces

the corresponding integration-by-parts relations, passes them to AIR and transforms the

output into a table that can be read into FORM. These tables can be used to express each

integral occuring in our expression in terms of a few master integrals.

At this point a comment concerning AIR is in order. Our experience with AIR shows

that there can be situations where the set of master integrals is not minimal, although the

complete set of recurrence relations has been provided. Consider, e.g., the integrals Y −
N

with M = 0. It is well-known that only three master are needed for the computation of

the two-loop pure QCD corrections to ZOS
m . However, the naive application of AIR leads

to four master integrals. A straightforward inspection of the involved integrals makes it

possible to relate the additional master to the known ones. The same is also true for our

types of integrals.

For the diagrams where a neutral boson is exchanged one requires altogether nine

master integrals. Six of them either contain only one mass scale, are vacuum diagrams, or

consist of a product of two one-loop integrals. They read

H1 = H+
N (1, 1, 0, 0, 0) , H2 = H+

N (0, 0, 1, 1, 1) , H3 = H+
N(1, 1, 0, 1, 0) ,

Y1 = Y −
N (1, 1, 1, 0, 0) , Y2 = Y −

N (1, 0, 0, 0, 1) , Y3 = Y −
N (1, 1, 0, 0, 1) . (2.2)

Explicit analytic results are given in appendix C. The remaining three master integrals

H4 = H+
N (1, 0, 0, 1, 1) , H5 = H+

N (2, 0, 0, 1, 1) , Y4 = Y −
N (1, 1, 1, 0, 1) , (2.3)

are less trivial. Analytic expressions for H4, H5 and Y4 can be found in ref. [7]. More

precisely one has

H4 ↔ J012(1, 1, 1,m
2,M2) ,

H5 ↔ J012(1, 2, 1,m
2,M2) ,

Y4 ↔ VmmmM (1, 1, 1, 1) , (2.4)

where the integrals J012(1, 1, 1,m
2,M2) and J012(1, 2, 1,m

2,M2) are given in eq. (3.20)

and VmmmM (1, 1, 1, 1) in eq. (3.26) of ref. [7]. We have checked all master integrals by

considering their evaluation in an asymptotic expansion around the three kinematical re-

gions m ¿ M , m ≈ M , and m À M . Altogether we computed up to 16 expansion terms

and found complete agreement with the results in the literature. As can be deduced from

the results of appendix C, where more details are provided, the inclusion of about five ex-

pansion terms in each region provides jointly a good approximation over almost the whole

range in m/M .

In the case of charged boson exchange one gets in addition two simple master integrals

W1 = W−
C (1, 1, 1, 0, 0) , W2 = W−

C (1, 1, 0, 0, 1) , (2.5)
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and five two-scale integrals

H6 = H+
C (0, 1, 1, 1, 0) , H7 = H+

C (0, 1, 1, 1,−1) , H8 = H+
C (1, 1, 0, 1, 0) ,

W3 = W−
C (0,−1, 1, 1, 1) , W4 = W−

C (1, 1, 1, 0, 1) . (2.6)

As we will see in sections 3 and 4, for the physical applications of this paper an expansion

for m À M of the integrals in eq. (2.6) is sufficient to obtain final results which in the

physical region are equivalent to the exact expressions.

3. On-shell mass renormalization constant

In this section we discuss the results for the on-shell mass renormalization counterterm.

The QCD corrections up to three loops can be found in refs. [21 – 25]. The one-loop

electroweak and two-loop mixed corrections for light quarks can be found in refs. [26]

and [27], respectively. In this case it is sufficient to evaluate the limiting behaviour for

m2
q ¿ M2 (where M represents a boson mass). The corrections of order ααs for the top

quark have been considered in ref. [7 – 9]. In a recent paper [28] the two-loop relation

between a minimal subtracted and the on-shell mass has been considered in a more general

framework. However, the masses of the vector bosons have been neglected.

The relation between the bare mass, m0
t , and the one defined in the MS and on-shell

scheme, mt and mt, is given by

m0
t = ZMS

m mt = ZOS
m mt . (3.1)

In order to discuss the result for the mass renormalization constant it is convenient to

consider the finite ratio

zm =
mt

mt
=

ZMS
m

ZOS
m

= 1 +
αs

π
CF zQCD

m +
α

πs2
W

zew
m +

ααs

π2s2
W

CF zmix
m , (3.2)

where sW ≡ sin θW is the sine of the Weinberg angle, CF = (N2
c − 1)/(2Nc) with Nc = 3

for SU(3) and

zew
m = z(1),ew

m Lµt + z(0),ew
m ,

z(0),ew
m = zH,ew

m (yH) + zW,ew
m (yW ) + zZ,ew

m (yZ) + zA,ew
m + ztad,ew

m ,

zmix
m = z(2),mix

m L
2
µt + z(1),mix

m Lµt + z(0),mix
m ,

z(0),mix
m = zH,mix

m (yH) + zW,mix
m (yW ) + zZ,mix

m (yZ) + zA,mix
m + ztad,mix

m , (3.3)

with an analog separation for z
(1),mix
m and z

(2),mix
m . We furthermore introduce the notation

yH =
mt

MH
, yW =

mt

MW
, yZ =

mt

MZ
,

LH = − ln(y2
H) , LW = − ln(y2

W ) , LZ = − ln(y2
Z) , Lµt = − ln

(

µ2

m2
t

)

.

(3.4)
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The renormalization constant in the MS scheme is given by (see, e.g., ref. [7])

ZMS
m = 1 − αs

π
CF

3

4ε
+

α

4πs2
W

1

ε

(

1

4
+

5

4
a2

t s
2
W − 3

4
v2
t s

2
W − 4

3
s2
W +

3

8

m2
t

M2
W

−1

4
− 3a2

t s
2
W

M2
Z

M2
H

− 1

2
a2

t s
2
W − 3

8

M2
H

M2
W

− 3

2

M2
W

M2
H

+ Nc
m4

t

M2
W M2

H

)

+
ααs

4π2s2
W

CF

[

1

ε2

(

− 3

16
− 15

16
a2

t s
2
W +

9

16
v2
t s

2
W + s2

W − 9

16

m2
t

M2
W

)

+
1

ε

(

9

32
+

21

32
a2

t s
2
W − 3

32
v2
t s

2
W − 1

6
s2
W +

3

8

m2
t

M2
W

)

+
Nc

2ε

m4
t

M2
W M2

H

(3.5)

+
1

ε2

(

3

16
+

9

4
a2

t s
2
W

M2
Z

M2
H

+
3

8
a2

t s
2
W +

9

32

M2
H

M2
W

+
9

8

M2
W

M2
H

− 9Nc

4

m4
t

M2
W M2

H

)

]

,

with at = 1/(2sW cW ), vt = (1/2− 4s2
W /3)/(2sW cW ) and cW =

√

1 − s2
W = MW /MZ . For

convenience, in eq. (3.5) the contribution from the tadpole diagrams is displayed separately

in the second (O(α)) and last line (O(ααs)). Furthermore, all term proportional to Nc

originate from tadpole diagrams.

At this point a comment concerning the various gauge parameters is in order. In the

electroweak sector we adopt Feynman gauge for the W and Z boson, however, we allow

for a general gauge parameter ξ for QCD defined via the gluon propagator

Dµν
g (q) = −i

gµν − ξ qµqν

q2

q2 + iε
. (3.6)

On general grounds the on-shell mass and also zm has to be independent of ξ which serves

as a welcome check for our calculation.

In eq. (3.3) the two-loop expression for zm is split into contributions induced by the

Higgs, W and Z boson (including the corresponding Goldstone parts), the photon (A)

and the tadpole diagrams. In the following we present analytical results for the individual

contributions. As we will see in the discussion below it is sufficient to consider the limit

yW → ∞ and yZ → ∞ in order to obtain agreement with the exact result below the percent

level. For this reason we show only the corresponding analytical expressions. Since the

Higgs boson mass is still unknown we present the exact result, but also handy expansions

in the three limits yH → 0, yH → 1 and yH → ∞. Furthermore, for completeness also the

tadpole result ztad
m is listed, which can be extracted from refs. [8, 27, 29].

Compact expressions for the Higgs boson contribution to zH,ew
m and zH,mix

m expressed
in terms of (known) master integrals are given in eqs. (A.1) and (A.7) in appendix A,

where also the results for the µ-dependent terms z
(1),H,mix
m and z

(2),H,mix
m can be found.

The expansions in the physically interesting regions read for the one-loop results

z
QCD
m = 1 ,

z
H,ew
m,0 = y

2
W

"

− 5

64
+

3LH

32
+

„

− 1

96
+

LH

16

«

y
2
H +

„

− 7

128
+

3LH

32

«

y
4
H +

„

− 47

320
+

3LH

16

«

y
6
H

+

„

−379

960
+

7LH

16

«

y
8
H + O(y10

H )

#

,

– 7 –



J
H
E
P
0
2
(
2
0
0
6
)
0
1
0

z
H,ew
m,1 = y

2
W

"

− 3

16
+

π
√

3

32
− 1

16
yH,1 +

„

1

32
− π

√
3

96

«

y
2
H,1 +

„

1

96
− π

√
3

216

«

y
3
H,1

+

„

1

384
− π

√
3

432

«

y
4
H,1 +

„

1

960
− π

√
3

648

«

y
5
H,1 + O(y6

H,1)

#

,

z
H,ew
m,∞ = y

2
W

"

− 7

32
+

π

8

1

yH

+

„

− 3

32
+

3LH

32

«

1

y2
H

− 3π

64

1

y3
H

+

„

1

24
− LH

64

«

1

y4
H

+
3π

1024

1

y5
H

− 1

640

1

y6
H

+ O
„

1

y7
H

«

#

,

z
W,ew
m,∞ = y

2
W

"

− 1

16
+

„

− 1

16
+

LW

16

«

1

y2
W

+

„

3

64
+

3LW

32

«

1

y4
W

+

„

1

12
− LW

16

«

1

y6
W

+ O
„

1

y8
W

«

#

,

z
Z,ew
m,∞ = y

2
W

"

1

32
+

„

1

32
+

LZ

32

«

1

y2
Z

− π

32

1

y3
Z

+

„

1

32
− LZ

64

«

1

y4
Z

+
π

256

1

y5
Z

− 1

384

1

y6
Z

+ O
„

1

y7
Z

«

#

+ a
2
ts

2
W

"

− 1

2
+

3π

8

1

yZ

+

„

− 5

16
+

LZ

4

«

1

y2
Z

− 7π

64

1

y3
Z

+

„

3

32
− LZ

32

«

1

y4
Z

+
5π

1024

1

y5
Z

− 1

480

1

y6
Z

+ O
„

1

y7
Z

«

#

+ v
2
t s

2
W

"

1

4
− π

8

1

yZ

+
3

16

1

y2
Z

− 3π

64

1

y3
Z

+

„

5

96
− LZ

32

«

1

y4
Z

+
9π

1024

1

y5
Z

− 1

160

1

y6
Z

+ O
„

1

y7
Z

«

#

,

z
A,ew
m =

4

9
s
2
W ,

z
tad,ew
m = y

2
W

"

„

3

32
− 3LH

32

«

1

y2
H

+

„

1

8
− 3LW

8

«

y2
H

y4
W

+

„

1

16
− LW

16

«

1

y2
W

#

+ a
2
ts

2
W

"

„

1

4
− 3LZ

4

«

y2
H

y2
Z

+

„

1

8
− LZ

8

«

#

− Nc

4
y
2
W y

2
H , (3.7)

with yH,1 = 1−1/y2
H . The subscripts 0, 1 and ∞ indicate the cases mt ¿ MH , mt ≈ MH ,

and mt À MH,W,Z , respectively. The coefficients in front of Lµt are given by

z
(1),QCD
m = −3

4
, z

(1),H,ew
m =

3y2
W

32
, z

(1),W,ew
m = y

2
W

 

1

32
+

1

16y2
W

!

,

z
(1),Z,ew
m = −y2

W

32
+

5a2
t s

2
W

16
− 3v2

t s2
W

16
, z

(1),A,ew
m = −s2

W

3
,

z
(1),tad,ew
m = y

2
W

 

− 3

32y2
H

− 3y2
H

8y4
W

− 1

16y2
W

!

+ a
2
ts

2
W

 

− 3y2
H

4y2
Z

− 1

8

!

+
Nc

4
y
2
W y

2
H . (3.8)

The corresponding two-loop expressions are slightly more lengthy but still rather com-
pact. They read

z
H,mix
m,0 = y

2
W

"

− 9

32
+

33LH

128
− 9L

2
H

128
− 3π2

128
+

 

− 49

1152
+

185LH

288
+

13L
2
H

192
− π2

192

!

y
2
H

+

 

−21097

18432
+

665LH

768
+

45L
2
H

256
+

15π2

256

!

y
4
H +

 

−4145731

1152000
+

45727LH

28800
+

881L
2
H

1920
+

379π2

1920

!

y
6
H

+

 

−4652609

432000
+

51199LH

14400
+

313L
2
H

240
+

49π2

80

!

y
8
H + O(y10

H )

#

,

z
H,mix
m,1 = y

2
W

(

− 133

256
+

Y ε

32
+

„

ln 3

48
− 35

768

«

π
2 +

„

9 ln 3

32
+

531

256

«

S2 −
√

3

16
Ls3

„

2π

3

«

− 7
√

3

1152
π

3
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+

„

− ln 3
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− ln2 3
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+

3S2

32
+

53

384

«

π
√
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6
+

»
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+

Y ε
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+

„

ln 3

36
+

1

144

«

π
2 +

„

3 ln 3

8
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«

S2

−
√

3

12
Ls3

„

2π

3

«

− 7
√

3

864
π

3 +

„

ln 3

144
− ln2 3

144
+

S2

8
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288

«

π
√

3 − 2ζ(3)

9

–

yH,1

+

»

1
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+

Y ε
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+

„

ln 3

144
+
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216
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π
2 +

„
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√
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√
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+
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− ln2 3
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«

π
√

3 − ζ(3)

18

–
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−
„
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√
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„
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√
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„
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«

#

,

z
Z,mix
m,∞ = y
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+
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+

„
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32

«

1

y2
Z

+

„
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+
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π
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+

„
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+

15LZ
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+

„

ln 2
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«
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«

1
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«
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+

„

−4 ln 2
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5
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«

π
2 +
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3

–
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2
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„
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+
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«

1
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+

„
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+

„
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«

y2
H

y2
Z

+

„
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+
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2
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H , (3.9)
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where

Y ε = 8 − ζ(3)

3
+

π2

6
+

√
3

{

−4π

3
− π3

36
+

2π ln 3

3
− π ln2 3

6

+ 2(2 − ln 3)

[

Ls2 (π) − Ls2

(

2π

3

)]

+ 2

[

Ls3 (π) − Ls3

(

2π

3

)]}

≈ 0.245815004513 ,

S2 =
4
√

3

27
Ls2

(π

3

)

≈ 0.260434137632 ,

Ls3

(

2π

3

)

≈ −2.144767212569 , (3.10)

and ζ is Riemann’s zeta function. The definition of Lsi(z) is given in eq. (A.6). The µ
dependence is determined through
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„
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Figure 3: (a) One-loop and (b) two-loop corrections to zm as a function of 1/yH = MH/mt. The

solid (coloured) lines correspond to the highest available order for each case. The dotted curves

show lower-order results and nicely demonstrate the convergence. The exact result, which is plotted

(in black) over the whole 1/yH range, can be distinguished from the approximations only in small

gap around 1/yH ≈ 1.5. For the renormalization scale µ2 = m2
t has been chosen. In the plots the

contributions from the tadpole diagrams are not included.

z
(2),tad,mix
m = y

2
W

"

9

128y2
H

+
9y2

H

32y4
W

+
3

64y2
W

#

+ a
2
ts

2
W

"

9y2
H

16y2
Z

+
3

32

#

− 9Nc

16
y
2
W y

2
H . (3.12)

Note that the result for zA
m in the above expressions can easily be extracted from the

two-loop pure QCD result [21].

Let us next discuss the numerical consequences of our result and compare the exact

expressions with the compact expansions. Actually the exact result from the W and Z

boson contribution is very well reproduced both by the large-top mass limit or the expansion

around mt ≈ MW/Z . At the physical values for the particle masses we find a deviation

from the exact result for the W and Z contribution below the percent level, which justifies

the use of the expansion for the numerical evaluations.

The result for the one-loop coefficient of α/(πs2
W ) is shown in figure 3a for µ = mt as

a function of 1/yH = MH/mt where the tadpole contributions [9], which are numerically

quite large, have been subtracted for Feynman gauge. Furthermore the following input

values have been chosen

mt = 165 GeV , MW = 80.425 GeV , MZ = 91.19 GeV , cW = MW /MZ . (3.13)

Next to the (black) solid line which includes the exact result for the Higgs mass dependence

and the large-mt results for the W and Z contributions we also show the expansion terms

in the three kinematical regions (cf. eq. (3.7)) as solid lines. The lower-order results are

plotted as dotted lines in order to demonstrate the convergence of the approximations. It

can be seen that over almost the whole range of yH the expansion terms provide a very

good approximation to the exact result, except for a small region with yH ≈ 0.5 . . . 0.7

which corresponds to MH ≈ 250 . . . 300 GeV. We want to mention that in figure 3a also

the result of ref. [7] is shown which in contrast to ours also takes into account the exact

dependence on MW and MZ . No visible effect is observed.
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In figure 3b we show the two-loop coefficient of ααs/(π
2s2

W ) as a function of 1/yH ,

where again the tadpole contribution of eq. (3.9) is subtracted. The result containing

the exact MH dependence (cf. eq. (A.7)) is plotted together with the expansion results

of eq. (3.9). In addition to the highest expansion terms we show as dotted lines also the

lower-order ones. One can see how the approximations nicely improve while including step-

by-step the higher order terms. Note that at two-loop order it is not possible to separate

the result given in ref. [7] into the contributions from the individual bosons and the tadpole

contribution. Thus in order to check our results we again include the exact results from

ref. [7] in our plots (after subtracting the tadpole contributions). Again no difference is

visible. In fact, adopting from eq. (3.9) the large-mt terms we obtain at the physical values

of MW and MZ agreement with the exact result below the per cent level. Equivalently we

can use the expansion around mt ≈ MW/Z and get results with the same level of accuracy.

The excellent description of the exact result by the expansion terms together with

the relative simplicity of the results in eq. (3.9) provides sufficient motivation to apply

in the next section the same approach to the wave function renormalization constant. In

particular this means that both exact results and expansions are considered for the Higgs

boson contributions and approximate formulae for large top quark mass are derived for the

remaining parts.

4. On-shell wave function renormalization constants

In this section we consider the wave function renormalization constants for the top quark

defined through eq. (1.4). Since ZL,OS
2 and ZR,OS

2 contain infra-red divergences which only

cancel when considering a physical quantity, it is not possible to form a finite ratio analog

to zOS
m in eq. (3.4). Thus, in the following we consider the divergent contributions and the

finite parts separately. Furthermore, we switch to the vector and axial-vector contribution

using the formulae

ZV,OS
2 =

1

2

(

ZR,OS
2 + ZL,OS

2

)

,

ZA,OS
2 =

1

2

(

ZR,OS
2 − ZL,OS

2

)

, (4.1)

where a non-zero contribution to ZA,OS
2 only arises from the W - and Z-boson.

In contrast to ZOS
m the wave function renormalization needs not to be gauge parameter

independent since it does not pose a physical quantity. As for the mass renormalization

constant, we choose Feynman gauge for the electroweak part but allow for arbitrary ξ in

the QCD sector. We observe that ξ drops out in the case of ZV,OS
2 up to the two-loop

order, which is in analogy to QCD where only the three-loop result starts to depend on

ξ [30]. On the other hand ZA,OS
2 is ξ dependent starting from order ααs.

In order to present the results in a compact form we introduce the notation

ZX,OS
2 = 1 +

αs

π
CF δZQCD

2,X +
α

π

(

f ew
2,X

ε
+ zew

2,X

)

+
ααs

π2
CF

(

gmix
2,X

ε2
+

hmix
2,X

ε
+ zmix

2,X

)

,

(4.2)
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with X = V,A and the analog splitting as in eq. (3.3). In particular, the results for the

individual coefficients are split according to the dependence on the renormalization scale

and decomposed into contributions originating from the Higgs, W and Z bosons and the

photon3 where for W and Z again the large-mt limit is adopted.

In contrast to the quotient zm, where it was found convenient to use the MS-mass as

expansion parameter, for ZX,OS
2 the natural choice is to express the results in terms of the

on-shell mass. Thus, in analogy to eq. (3.4) we introduce the following notation:

yH =
mt

MH
, yW =

mt

MW
, yZ =

mt

MZ
,

LH = − ln(y2
H) , LW = − ln(y2

W ) , LZ = − ln(y2
Z) , Lµt = − ln

(

µ2

m2
t

)

.

(4.3)

For the numerical value of the top quark mass we use mt = 175 GeV.

In the main text we again list the expansion terms and relegate the exact expression for

the Higgs boson contribution to the appendix (cf. eq. (B.1)). For the QCD result and the

pole part of the one-loop electro-weak corrections we obtain the following exact expressions

(see, e.g., ref. [31])

δZV,QCD
2 =

(

− 3

4ε
+

3

4
Lµt − 1

)

, δZA,QCD
2 = 0 ,

fH,ew
2,V = −y2

W

32
, fA,ew

2,V = −s2
W

3
,

fW,ew
2,V = −y2

W

32
− 1

16
, fW,ew

2,A =
y2

W

32
− 1

16
,

fZ,ew
2,V = −y2

W

32
− s2

W a2
t

16
− s2

W v2
t

16
, fZ,ew

2,A = −1

8
s2
W atvt . (4.4)

The finite one-loop contributions read

z
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2,V,0 = y

2
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„
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√
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√
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„
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√
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„
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√
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„
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5π
√

3
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«

y
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„
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5π
√
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1944

«

y
5
H,1 + O(y6

H,1)
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,
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H,ew
2,V,∞ = y

2
W

"

„

7

32
+

LH

8

«

− 3π

16

1

yH

+

„

3

32
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«

1

y2
H

+
15π

128

1

y3
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+

„

− 7

64
+

3LH

64

«
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1
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H

+
1
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1

y6
H

+ O
„

1

y7
H

«

#

,
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"
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„
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+

LW
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«

1
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„
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«

1

y4
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+

„
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1
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W

3The tadpole diagrams do not contribute to the wave function renormalization.
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(4.5)

and the scale-dependent terms are given by

z
(1),H,ew
2,V =

y2
W

32
, z

(1),A,ew
2,V =

s2
W

3
,

z
(1),W,ew
2,V =

y2
W

32
+

1

16
, z

(1),W,ew
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W

32
+

1

16
,

z
(1),Z,ew
2,V =

y2
W

32
+

a2
t s

2
W
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+

v2
t s

2
W

16
, z

(1),Z,ew
2,A =

atvts
2
W

8
. (4.6)

The double-pole parts of the two-loop result are still quite compact and can be cast

into the form

gH,mix
2,V =

3y2
W

64
, gA,mix

2,V =
s2
W

4
,

gW,mix
2,V =

3y2
W

64
+

3

64
, gW,mix

2,A = −(2 + ξ)y2
W
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− 1 − ξ

64
,

gZ,mix
2,V =

3y2
W

64
+

3

64
s2
W a2

t +
3

64
s2
W v2

t , gZ,mix
2,A = −atvts

2
W (1 − ξ)

32
, (4.7)

whereas for the single poles we obtain the expansions4

h
H,mix
2,V,0 = y

2
W

"

31
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− 3LH

128
+

3

64
y
2
H +

„

57

512
− 9LH

128

«

y
4
H +

„

231
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− 9LH

32

«

y
6
H

4Note, that the exact expressions for the Higgs boson results are given in eq. (B.6).

– 14 –



J
H
E
P
0
2
(
2
0
0
6
)
0
1
0

+

„

1557

1280
− 63LH

64

«

y
8
H + O(y10

H )

#

,

h
H,mix
2,V,1 = y

2
W

"

1

64
+

3π
√

3

128
+

„

− 3

64
+

π
√

3

64

«

yH,1 +

„

3

32
− 5π

√
3

384

«

y
2
H,1 +

„

7

128
− π

√
3

144

«

y
3
H,1

+

„

15

512
− 5π

√
3

1728

«

y
4
H,1 +

„

7

320
− 5π

√
3

2592

«

y
5
H,1 + O(y6

H,1)

#

,

h
H,mix
2,V,∞ = y

2
W

"

−
„

7

128
+

3LH

32

«

+
9π

64

1

yH

+

„

− 9

128
+

9LH

64

«

1

y2
H

− 45π

512

1

y3
H

+

„

21

256
− 9LH

256

«

1

y4
H

+
63π

8192

1

y5
H

+ O
„

1

y6
H

«

#

,

h
W,mix
2,V,∞ = y

2
W

"

7

64
+

„

17

128
+

3LW

64

«

1

y2
W

+

„

63

256
+

3LW

128

«

1

y4
W

+

„

5

64
− 9LW

64

«

1

y6
W

+ O
„

1

y8
W

«

#

,

h
Z,mix
2,V,∞ = y

2
W

"

17

128
+

„

9

128
+

3LZ

64

«

1

y2
Z

− 15π

256

1

y3
Z

+

„

15

256
− 9LZ

256

«

1

y4
Z

+
21π

2048

1

y5
Z

− 1

128

1

y6
Z

+O
„

1

y7
Z

«

#

+ a
2
ts

2
W

"

−
„

61

128
+

9LZ

32

«

+
27π

64

1

yZ

+

„

− 9

32
+

3LZ

8

«

1

y2
Z

− 105π

512

1

y3
Z

+

„

3

16
− 9LZ

128

«

1

y4
Z

+ O
„

1

y5
Z

«

#

+v
2
t s

2
W

"

„

35

128
+

3LZ

32

«

− 9π

64

1

yZ

+
9

32

1

y2
Z

− 45π

512

1

y3
Z

+

„

3

32
− 9LZ

128

«

1

y4
Z

+ O
„

1

y5
Z

«

#

,

h
A,mix
2,V =

17s2
W

24
,

h
W,mix
2,A,∞ = y

2
W

"

− (3 + 2ξ)

64
+

„

3(−1 + 2ξ)

128
− (1 − ξ)LW

64

«

1

y2
W

+

„

−3(1 − ξ)

256
+

5(1 − ξ)LW

128

«

1

y4
W

#

,

h
Z,mix
2,A,∞ = atvts

2
W

"

(−5 + 8ξ)

64
+

(1 − ξ)π

16yZ

+

„

− 1

32
+

LZ

16

«

1 − ξ

y2
Z

− 5(1 − ξ)π

128y3
Z

+

„

7

192
− LZ

64

«

1 − ξ
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(4.8)

The scale dependence is ruled by the following coefficients:

h
(1),H,mix
2,V = −3y2

W

32
, h

(1),A,mix
2,V = −s2

W

2
,

h
(1),W,mix
2,V = −3y2

W

32
− 3

32
, h

(1),W,mix
2,A =

(2 + ξ)y2
W

64
+

(1 − ξ)

32
,

h
(1),Z,mix
2,V = −3y2

W

32
− 3a2

t s
2
W

32
− 3v2

t s
2
W

32
, h

(1),Z,mix
2,A =

(1 − ξ)atvts
2
W

16
. (4.9)

Let us in the following discuss the results for the finite contribution to ZOS
2 . The result

from the Higgs boson exchange expressed in terms of master integrals is given in eq. (B.5)
of appendix B. The expansion terms read

z
H,mix
2,V,0 = y

2
W

"

119
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− 29LH

256
− 3L2

H

256
+

„

509

2304
+

LH

192
− 3L2
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+

13π2

384

«
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2
H

+

„
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«
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4
H +

„
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+
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6
H
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The results covering the scale dependence are given by
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z
(2),H,mix
2,V =

3y2
W

32
, z

(2),W,mix
2,V =

3y2
W

32
+

3

32
,

z
(2),Z,mix
2,V =

3y2
W

32
+

3a2
ts

2
W

32
+

3v2
t s2

W

32
, z

(2),A,mix
2,V =

s2
W

2
,

z
(2),W,mix
2,A = − (2 + ξ)y2

W

64
− 1 − ξ

32
, z

(2),Z,mix
2,A = − (1 − ξ)atvts

2
W

16
. (4.12)

In figure 4 we discuss our analytic results in numerical form. figure 4a shows the finite

part of the one-loop contribution where the exact result is represented by the solid line

and the expansions are plotted as dotted curves. Similarly to zm (cf. figure 3) it can be

seen that the dotted lines nicely converge to the exact curve after including successively

higher order expansion terms. As one can see, after taking into account the result from the

regions yH → 0, 1 and ∞ there remains only a quite small range for yH (1/yH ≈ 1.5 . . . 2.0)

where the (black) solid curve is still visible and the simple expansions fail to provide good

approximations. The situation is very similar for the divergent 1/ε and finite two-loop

contribution which are shown in Figs. 4(b) and 4(c), respectively. Thus we can conclude

that it is possible to avoid the use of the quite complicated exact expressions for ZV
2

but to adopt an adequate simple expansion. For Higgs boson masses outside the range

MH ≈ 250 . . . 300 GeV one can simply use the corresponding formula from eq. (4.10) while

for 250 GeV≤ MH ≤ 300 GeV a straightforward interpolation provides a sufficiently good

approximation.

It is interesting to mention that the result obtained in the gaugeless limit approximates

the full result within approximately 20% accuracy for Higgs boson masses between 100 GeV

and 800 GeV. For zm the situation is similar once the tadpole contributions are discarded.
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Figure 4: (a) One-loop, (b) 1/ε pole and (c) constant part of the two-loop corrections to ZV,OS

2
as

a function of 1/yH = MH/mt. The solid (coloured) lines correspond to the highest available order

for each case. The dotted curves show lower-order results and nicely demonstrate the convergence.

The exact result, which is plotted (in black) over the whole 1/yH range is only visible in a small

gap around 1/yH ≈ 2.

In case the latter are included the relative deviation between the full result and the one in

the gaugeless limit becomes smaller [9].

5. Conclusions

The renormalization constants constitute building blocks for the evaluation of quantum

corrections to various processes. In this paper the on-shell top quark mass and wave

function renormalization constants have been considered in the SM up to order ααs. The

inclusion of electroweak effects introduces a further scale into the problem, as compared

to the QCD or QED corrections, which makes the calculation of the integrals significantly

more complicated.

We expressed ZOS
m and Z

V/A,OS
2 as a linear combination of a handful master integrals

which are known analytically, however, contain quite involved functions. For the compli-

cated two-scale master integrals we applied the powerful method of asymptotic expansion

in three different kinematical regions, which leads to power expansions multiplied by sim-
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ple logarithms. We could reproduce the result for ZOS
m available in the literature. The

expression for Z
V/A,OS
2 is new and constitutes a building block, e.g., in the mixed elec-

troweak/QCD corrections for top quark pair production at threshold. We checked that

both for ZOS
m and Z

V/A,OS
2 the simple expansions agree very well with the exact result. In

particular, it has been shown that the expansion for large top quark mass leads to compact

formulae which approximate the exact results quite precisely — almost up to the point

mt = M with M = MW ,MZ of MH . As far as the Higgs boson mass dependence is

concerned, also the expansions around mt = MH and mt ¿ MH have been considered.
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A. Analytic results for z
H,ew
m and z

H,mix
m

The exact dependence on yH of the one-loop electroweak contribution reads

zH,ew
m =

y2
W

16

[

3

2ε
+

Bp(0, 1)

2m2
t

− Bp(1, 0)

2m2
t

− 2

(

1 − 1

4y2
H

)

Bp(1, 1)

]

, (A.1)

where the function Bp(n1, n2) corresponds to the one-loop on-shell integral with a internal

top quark and Higgs boson line

Bp(n1, n2) =

∫

ddk

iπd/2

eεγE

(k2 − M2
H)n1(k2 + 2kq)n2

. (A.2)

The special cases needed in this paper are given by

Bp(0, 1) = m
2

„

µ2

m2

«ε„
1

ε
+ 1 + ε

„

1 +
π2

12

«

+ ε
2

„

1 +
π2

12
− ζ(3)

3

««

,

Bp(1, 0) = Bp(0, 1)

˛

˛

˛

˛

m→M

,

Bp(1, 1) =

“

µ2

M2

”ε

− (1 − 2y2
H)
“

µ2

m2

”ε

2y2
Hε

»

1 + 2ε +

„

4 +
π2

12

«

ε
2 +

„

8 +
π2

6
− ζ(3)

3

«

ε
3

–

+

„

y4
H

(4y2
H − 1)

«ε„
µ2

m2

«ε»

1 + 2ε +

„

4 +
π2

12

«

ε
2

–

Ψ1 + 2ε (1 + 2ε) Ψ2 + 2ε
2Ψ3

ff

,

(A.3)

where we have included the order ε terms which are needed for the two-loop expressions,

and Ψi is a shorthand notation for (y = m/M):

Ψi =
1

y

√

4 − 1

y2

(

Lsi(π) − 1

2
Lsi (t1) −

1

2
Lsi (t2)

)

, (A.4)
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with

t1 = 2arccos

(

1

2y

)

,

t2 = 2arccos

(

1 − 1

2y2

)

. (A.5)

The function Lsi(z) is defined through

Lsi(z) = −
∫ z

0
dx lni−1

[

2 sin
(x

2

)]

. (A.6)

At two-loop order it is convenient to write the finite quantity zH,mix
m in the form

zH,mix
m = aH,mix

m + bH,mix
m , (A.7)

where aH,mix
m corresponds to the generic two-loop result and bH,mix

m origins from counterterm
contributions and products of one-loop results. We obtain

a
H,mix
m = −y2

W

64

"

− (2 − ε + 3ε2 + 4ε3)(−1 + 4y2
H)

2εy2
H

H2

m2
t

+ (−1 + 2ε)
H4

m2
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− (1 + ε)(3 − 3ε + 8ε2)

ε

H1

m4
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H)

εy2
H

H5

+
(−2 + ε − 3ε2 − 4ε3) + y2

H

`
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´

2εy2
H
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−
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´
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´
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+
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ε
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−
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´
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y2
W

4

(

−18 − 3ε + 15ε2
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32
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"

− 3(−1 + 2y2
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32
εL
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(3 + ε)(−1 + 2y2
H)

16
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´

64ε
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"
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32y2
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εL
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+
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´

64εy2
H
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Bp(1, 1)

+ (−1 + 4y
2
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"

− 3

64y2
H

εL
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µt +

(3 + 4ε)Lµt

32y2
H

− (16 + 32ε + επ2)

128y2
H

#

yHd

dyH

Bp(1, 1)

)

. (A.8)

with yW , yH and Lµt are defined in eq. (3.4). The poles which are still present in aH,mix
m

and bH,mix
m cancel in the proper sum.

Finally, the one- and two-loop coefficients determining the µ dependence are given by

z(1),H,ew
m =

3y2
W

32
,
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z(1),H,mix
m = y2

W

[

−
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√

1 − 4y2
H ln

(

KH

)

256y4
H

(8y2
H + 1) − 3LH

256y4
H

(6y2
H + 1)

+
3

128y2
H

(21y2
H + 1)

]

,

z(2),H,mix
m = −9y2

W

64
, (A.9)

where KH =
1−
√

1−4y2
H

1+
√

1−4y2
H

.

B. Analytic results for Z
H,ew
2,V and Z

H,mix
2,V

The one-loop contribution from the Higgs boson exchange diagram to ZH,ew
2,V reads

ZH,ew
2,V = −y2

W

32

[

4(1 − ε)y2
H

Bp(1, 0)

m2
t

+
3 − 2ε

y2
H

Bp(1, 1)

+
3 − 2ε

m2
t

(

Bp(0, 1) − Bp(1, 0) − 2m2
t Bp(1, 1)

)

]

, (B.1)

which — after inserting the results for Bp(n1, n2) from eq. (A.3), with m = mt and M =

MH , and expanding in ε — can be cast in the form

fH,ew
2,V = −y2

W

32
,

zH,ew
2,V = −y2

W

[

3
√

1 − 4y2
H ln (KH)

64y4
H
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H − 1) +

LH

64y4
H

(−8y4
H + 12y2

H − 3)
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(−7y2

H + 3)

32y2
H

]

, (B.2)

where yH and LH are defined in eq. (4.3) and KH =
1−
√

1−4y2
H

1+
√

1−4y2
H

.

At two-loop order we again split ZH,OS
2,V into two parts,

ZH,mix
2,V = AH,mix

2 + BH,mix
2 , (B.3)

where AH,mix
2 corresponds to the generic two-loop result and BH,mix

2 origins from counter-
term contributions and squared one-loop results. We obtain

A
H,mix
2 = −y2

W

64

(
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H
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H
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(B.4)
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. (B.5)

Note that the individual contributions AH,mix
2 and BH,mix

2 still depend on the QCD

gauge parameter ξ which cancels in the proper sum. For simplicity these terms have already

been omitted in eqs. (B.4) and (B.5).

From the formulae (B.4) and (B.5) it is straightforward to extract exact expressions

for the pole parts which are given by

gmix
2,V =

3y2
W

64
,

hH,mix
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, (B.6)

where KH is defined after eq. (B.2).

For completeness we want to provide the exact result covering the renormalization

scale dependence for ZV,H,OS
2 . The corresponding coefficients are defined in analogy to the

ones for zm in eq. (3.4) and read

z
(1),H,ew
2,V =

y2
W

32
,
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,

z
(2),mix
2,V =

3y2
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32
. (B.7)

C. Master integrals

In this section we discuss the master integrals occuring in our calculation. The master
integrals needed for the neutral boson exchange which reduce to products of one-loop
integrals, to two-loop one-scale integrals or to two-loop vacuum integrals are given by (see,
e.g., refs. [32, 33])
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«

+ O
`

ε
2´
–

,

Y2 = y
2
M

4

„

µ2

m2

«

−ε„
µ2

M2

«ε
H1

m4
,

Y3 = Bp(0, 1)Bp(1, 1) , (C.1)

with y = m/M and

Ωi = Ψi −
1

2y

√

4 − 1

y2
Lsi (t1) , (C.2)
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where Ψi, t1 and t2 are defined in eqs. (A.4) and (A.5).

As already mentioned in the main text, analytical results for the complicated two-scale

master integrals can be found in ref. [7]. We refrain from repeating them here. Instead we

perform expansions in the limits y → 0, y → 1 and y → ∞ which we derived independently

with the help of asymptotic expansions [34]. In many phenomenological applications it is

advantageous to use the handy approximation formulae in favour of the complicated exact

expressions.

The expansions in the three different limits require a strategy of its own. In the

case of a large boson mass M one obtains, next to on-shell, also vacuum integrals up to

two loops (both for charged and neutral boson exchange) which are, e.g., implemented in

MATAD [35]. The subdiagrams contributing in this limit can be obtained in a completely

automated way with the help of exp [12, 11].

In the limit y → 1, the case of a neutral boson exchange reduces to a simple Taylor

expansion. The resulting integrals are well studied within QCD and documented in a

program code [32]. The expansion for y → 1 of the diagrams involving a W boson is more

complicated, which is due to the appearance of additional massless particles, the bottom

quarks. We did not perform the calculation of the diagrams in this limit since for the

practical applications only the limit mt À MW is needed.

Finally for the case y → ∞, which is the limit of main interest, a careful inspection of

the regions [36, 37] contributing to the integral under consideration is in order.

In the following we present a pedagogical example which illustrates the procedure in

more detail. Let us consider the master integral Y4 defined through

Y4 =
e2εγE

(iπd/2)2

∫

ddkddl

(k2 + 2kq) (l2 − 2lq) ((k − l)2 + 2q(k − l)) (l2 − M2)
. (C.3)

In the limit y → 0, i.e. m ¿ M one has to consider the cases (i) |~k| ∼ |~l| ∼ M , (ii) |~k| ∼ m,

|~l| ∼ M , (iii) |~k| ∼ |~l| ∼ m, and (iv) |~k| ∼ |~l| ∼ M but with |~k−~l| ∼ m, which we denote as

hard-hard (HH), soft-hard (SH), soft-soft (SS) and hard-soft (HS) region. In each region

one has to perform a simple Taylor expansion of each propagator in the small quantities.

E.g., if ~k is hard the propagator 1/(k2 +2kq) is expanded in 2kq/k2 since we have q2 = m2.

After adding the contributions from all regions one finally obtains the result for Y4

Y4,0 = Y4(HH) + Y4(SH) + Y4(SS) + Y4(HS) , (C.4)

where the integrals in the individual region have the form

Y4(HH) =
∑

n1,...,n5

CHH
n1...n5

∫

ddkddl (−2kq)n1 (−2lq)n2

(k2)n3 ((k − l)2 − M2)n4 (l2)n5
,

Y4(SH/HS) =
∑

n1,...,n5

CSH/HS
n1...n5

∫

ddkddl (−2kq)n1 (−2kl)n2 (−2lq)n3

(k2 − M2)n4 (l2 + 2lq)n5
,

Y4(SS) =
∑

n1,...,n5

CSS
n1...n5

∫

ddkddl (k2)n1 (l2)n2

(k2 + 2kq)n3 (l2 − 2lq)n4((k − l)2 + 2q(k − l))n5
.(C.5)

– 25 –



J
H
E
P
0
2
(
2
0
0
6
)
0
1
0

We have used partial fractioning and rearranged the different propagators in a convenient

way. The indexes n1 to n5 run over appropriate integer values, and the Cab
n1...n5

are shorthand

notations for a set of functions depending on both scales M and m and the dimension d.

The first four terms of Y4 expanded for y → 0 read

Y4,0 =

(

µ2

m2

)2ε {

1

2ε2
+

[

3

2
+ ln(y2) +

(

1

2
+ ln(y2)

)

y2 +

(

5

3
+ 2 ln(y2)

)

y4

+

(

59

12
+ 5 ln(y2)

)

y6

]

1

ε
+

7

2
+

π2

4
+ 3 ln(y2) + ln2(y2)+

(

2 − π2

6
+

11 ln(y2)

2

)

y2 +

(

85

9
− π2

3
+

26 ln(y2)

3

)

y4

+

(

244

9
− 5π2

6
+

241 log(y2)

12

)

y6

}

+ O(y8) , (C.6)

where we refrain from listing the contributions of order ε.

In the region y → ∞, where M ¿ m a straightforward inspection reveals only two

different ranges for the integration momenta ~k and ~l. In the first one (hh) both momenta

are of order m, which now is hard; for the second one (hs) ~k is hard and ~l is soft, i.e. of

order M . Thus Y4 can be written as

Y4 = Y4(hh) + Y4(hs) , (C.7)

where the following integrals occur

Y4(hh) =
∑

n1,...,n5

C
hh
n1...n5

∫

ddkddl (M2)n5

(k2 + 2kq)n1 (l2 − 2lq)n2 ((k − l)2 + 2q(k − l))n3 (l2)n4
,

Y4(hs) =
∑

n1,...,n5

C
hs
n1...n5

∫

ddkddl (2kl)n1 (−2lq)n2

(k2 + 2kq)n3 (k2)n4 (l2 − M2)n5
.

(C.8)

Note that the collection of integrals in Y4(hh) and the ones in Y4(SS) are equivalent, and,

at the same time, equal to the ones one would need to solve in order to get an arbitrary

two loop O(α2
s) strong QCD correction. The first seven terms of Y4 expanded for y → ∞

read

Y4,∞ =

(

µ2

m2

)2ε {

1

2ε2
+

[

5

2
− π

y
+

(

1 +
ln(y2)

2

)

1

y2
+

π

8y3
− 1

12y4
+

π

128y5

− 1

120y6

]

1

ε
+

19

2
− 7π2

12
+

(

−2 + 2 ln 2 − ln(y2)
) π

y

+

(

−3 +
π2

6
+

ln2(y2)

4

)

1

y2
−

(

1

6
+

ln 2

4
− ln(y2)

8

)

π

y3
+

(

2

3
+

ln(y2)

6

)

1

y4

+

(

19

960
− ln 2

64
+

ln(y2)

128

)

π

y5
+

(

131

3600
+

ln(y2)

60

)

1

y6
+ O

(

1

y7

)}

. (C.9)

Finally, let us consider the limit y → 1. Here the asymptotic expansion leads to only

one region which corresponds to a naive Taylor expansion in the quantity ∆ = (m2 −M2).
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This leads to the integrals of the type

Y4 =
∑

n1

Cn1

∫

ddkddl (∆)n1−1

(k2 + 2kq) (l2 − 2lq) ((k − l)2 + 2q(k − l)) (l2 − m2)n1
. (C.10)

The first six terms in the expansion are given by

Y4,1 =

„

µ2

m2

«2ε
1

2ε2
+

»

5

2
− π

√
3

3
+

π
√

3

9
y1 +

„

−1

6
+

2π
√

3

27

«

y
2
1 +

2π
√

3

81
y
3
1 +

4π
√

3

243
y
4
1

+

„

1

180
+

8π
√

3

729

«

y
5
1

–

1

ε
+

19

2
+

„

ln 3

3
− 4

3

«

π
√

3 − 63

4
S2 +

»

−π2

36
+

21

4
S2

−
„

ln 3

9
+

1

9

«

π
√

3

–

y1 +

»

−1

3
+

7

2
S2 +

„

−2 ln 3

27
+

1

54

«

π
√

3

–

y
2
1 +

»

−11

54
+

7

6
S2

+

„

−2 ln 3

81
+

23

486

«

π
√

3

–

y
3
1 +

»

− 25

162
+

7

9
S2 +

„

−4 ln 3

243
+

119

2916

«

π
√

3

–

y
4
1

+

»

− 473

4860
+

14

27
S2 +

„

−8 ln 3

729
+

1363

43740

«

π
√

3

–

y
5
1 + O(y6

1)

ff

, (C.11)

with y1 = 1 − 1/y2 = ∆/m2 and S2 as defined in eq. (3.10).

We proceeded in an analog way for the remaining two integrals in eq. (2.3). Further-

more, for the seven integrals in eqs. (2.5) and (2.6) we evaluated the phenomenological

limit y → ∞. However, we refrain from listing the results explicitly.
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[9] M. Faisst, J.H. Kühn and O. Veretin, Pole-versus MS-mass definitions in the electroweak

theory, Phys. Lett. B 589 (2004) 35 [hep-ph/0403026].

[10] P. Nogueira, Automatic Feynman graph generation, J. Comput. Phys. 105 (1993) 279.

– 27 –

http://linearcollider.org/
http://xxx.lanl.gov/abs/hep-ph/0001286
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB635%2C357
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB635%2C357
http://xxx.lanl.gov/abs/hep-ph/0203166
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB538%2C335
http://xxx.lanl.gov/abs/hep-ph/0204290
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA%2C90%2C212001
http://xxx.lanl.gov/abs/hep-ph/0210161
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD69%2C034009
http://xxx.lanl.gov/abs/hep-ph/0307376
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB676%2C365
http://xxx.lanl.gov/abs/hep-ph/0308216
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB665%2C649
http://xxx.lanl.gov/abs/hep-ph/0302275
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB589%2C35
http://xxx.lanl.gov/abs/hep-ph/0403026


J
H
E
P
0
2
(
2
0
0
6
)
0
1
0

[11] R. Harlander, T. Seidensticker and M. Steinhauser, Complete corrections of O(ααs) to the

decay of the Z boson into bottom quarks, Phys. Lett. B 426 (1998) 125 [hep-ph/9712228].

[12] T. Seidensticker, Automatic application of successive asymptotic expansions of Feynman

diagrams, hep-ph/9905298.

[13] J.A.M. Vermaseren, New features of FORM, math-ph/0010025.

[14] K.G. Chetyrkin and F.V. Tkachov, Integration by parts: the algorithm to calculate beta

functions in 4 loops, Nucl. Phys. B 192 (1981) 159.

[15] S. Laporta, High-precision calculation of multi-loop Feynman integrals by difference

equations, Int. J. Mod. Phys. A 15 (2000) 5087 [hep-ph/0102033].

[16] C. Anastasiou and A. Lazopoulos, Automatic integral reduction for higher order perturbative

calculations, JHEP 07 (2004) 046 [hep-ph/0404258].
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